x sin kπ n − y cos kπ n = 1 ANTON MOSUNOV ABSTRACT. In 2000 Bean and Laugesen proved that for every integer n ≥ 3 the area bounded by the curve n k=1
x sin kπ n − y cos kπ n = 1 is equal to 4 1−1/n B 1 2 − 1 n , 1 2 , where B(x, y) is the beta function. We provide an elementary proof of this fact based on the polar formula for the area calculation.
1. Introduction. Let F (X, Y ) = a 0 X n + a 1 X n−1 Y + · · ·+ a n Y n be a binary form of degree n ≥ 3 with complex coefficients and non-zero discriminant D F . In this article we evaluate the area A F bounded by the curve |F (x, y)| = 1, (x, y) ∈ R associated with a particular family of binary forms F . The quantity A F arises in the study of Thue inequalities |F (x, y)| ≤ h where the coefficients of F are integers and h is a fixed positive integer. In 1933 Mahler [4] proved that the number of integer solutions Z F (h) to the Diophantine inequality above satisfies
provided that F is irreducible. More recently, Stewart and Xiao [5] proved that the number of integers of absolute value at most h which are represented by F is asymptotic to C F h 2/n , where a positive number C F depends solely on F and is a rational multiple of A F .
In 1994 Bean [1] proved that the quantity |D F | 1/n(n−1) A F is bounded by the absolute constant 3B 1 3 , 1 3 ≈ 15.90, where
is the beta function. In his investigation of the quantity
where the maximum is taken over all binary forms F of degree n with non-zero discriminant, Bean [2] conjectured that the value of M n is attainable by the binary form
The curve |F * n (x, y)| = 1 has the special property that it is invariant under rotation by any integer multiple of π/n. In 2000 Bean and Laugesen [3] proved that for every n ≥ 3,
In this article, we prove (2) via elementary methods. Apart from basic trigonometric identities, our proof involves a) the identity sin(nθ) = 2 n−1 n k=1 sin kπ n − θ ; b) the formula for the area bounded by a curve in polar form; and c) trigonometric form of the beta function (1).
2. Proof of the Identity sin(nθ) = 2 n−1 n k=1 sin kπ n − θ . Let U n−1 (X) be the (n − 1)-st Chebyshev polynomial of the second kind: We are now able to apply a well-known formula for the area bounded by a curve in polar form:
Notice that the function | sin θ| −2/n has period π, and furthermore π/2 0 (sin θ) −2/n dθ = π π/2 (sin θ) −2/n dθ. Hence A F * n = 2 1−2/n n · 4n π/2 0 (sin θ) −2/n dθ = 4 1−1/n · 2 π/2 0 (sin θ) −2/n dθ
where the last equality follows from (1).
